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ABSTRACT 



O \ We construct a new off-shell invariant in A^ = 2, D = 5 supergravity whose leading 

term is the square of the Riemann tensor. It contains a gravitational Chern-Simons term 
involving the vector field that belongs to the supergravity multiplet. The action is obtained 
by mapping the transformation rules of a spin connection with bosonic torsion and a set 

rS \ of curvatures to the fields of the Yang-Mills multiplet with gauge group S0(4, 1). We also 

c^ I employ the circle reduction of an action that describes locally supersymmetric Yang-Mills 

theory in six dimensions. 



1 Introduction 

It is well-known that in string theory the Einstein action of general relativity gets modi- 
fied by an infinite series of terms of higher order in the Riemann tensor. To obtain the 
supersymmetric extension of such an infinite series is an open problem. In lower dimensions 
there exist auxiliary field formulations of Poincare supergravity which makes it possible to 
construct supersymmetric actions that contain only the first order correction to the Einstein 
action. This has been done for J\f = 2 supersymmetry in D = 6 dimensions a long time 
ago [1-3]. The resulting action contains an Einstein plus a Riemann tensor squared term. 
The construction of [1-3] was based on the observation that the Weyl multiplet underly- 
ing Poincare supergravity has formally the same supersymmetry transformation rules as a 
Yang-Mills multiplet, for Yang-Mills group 5*0(5, 1). Actually, there exist two different Weyl 
multiplets [4] and this analogy only works for the so-called Dilaton Weyl multiplet which 
contains, amongst others, a dilaton-like scalar field that can be used as the compensating 
field for dilatations and an antisymmetric tensor gauge field. In this analogy the Yang-Mills 
vector A^ transforms formally the same as a certain torsionful spin connection u^"^ where 
the torsion is proportional to the three-form field-strength tensor of the antisymmetric tensor 
gauge field. The supersymmetry rules only coincide after fixing the conformal symmetries 
using the scalar field to fix the dilatations. 

Another example of a supersymmetric higher order invariant has been constructed in 
D = 5 dimensions [5]. The leading term of this invariant is a Weyl curvature squared term 
that is multiplied by a compensating scalar, to make it invariant under dilatations. This 
compensating scalar belongs to a separate gauge multiplet. An interesting feature of this 
invariant is that it contains a mixed gauge-gravitational Chern-Simons term 

AAtiiRAR), (1.1) 

where A belongs to the gauge multiplet and R to the supergravity multiplet. This mixed 
Chern-Simons term plays an important role in discussing higher-order corrections to black 
hole entropy, see e.g. [6,7], and higher-order effects in the AdS/CFT correspondence, see 
e.g. [8,9]. 

In this note we show that, by applying the techniques of [1-3] to A/" = 2 supersymmetry 
in D = 5 dimensions we can construct a higher order invariant that differs from the one 
presented in [5]. The leading term of this new invariant is the Riemann tensor squared. 
Unlike the invariant of [5] this one is purely gravitational in the sense that the compensating 
scalar for dilatations, that multiplies the Riemann tensor squared term, belongs to the Weyl 
multiplet. In analogy to (1.1) the new invariant contains a purely gravitational Chern-Simons 
term 

CAtT{RAR), (1.2) 

where both C and R belong to the supergravity multiplet. It is natural to expect that this 
term will also be relevant in exploring the effects of higher-derivative corrections in black 
hole entropy and the AdS/CFT correspondence. 

This paper is organized as follows. In section 2 we will record the relevant elements of 
the so-called Dilaton Weyl multiplet and Yang-Mills multiplet with M = 2 supersymmetry 



in bD. In section 3, we shall go over to a convenient basis for the fields which is equivalent 
to fixing the superconformal symmetries, in the sense that the new fields are invariant under 
dilatations and S'-supersymmetry. Section 4 contains the key observation of this paper which 
states that the transformation rules of a spin connection with bosonic torsion and a set of 
curvatures in the Dilaton Weyl multiplet formally transform in the same manner as the 
fields of a Yang-Mills multiplet with gauge group S0(4, 1). The explicit correspondence 
can be found in eq. (4.17). After we dimensionally reduce a locally supersymmetric Yang- 
Mills action from QD to 5D in section 5, we make use of this observation to write down 
the supersymmetrization of the Riemann squared term in section 7. Further directions and 
comments are presented in the concluding section. 

2 Conformal Multiplets 

In this section, we will briefiy recall some elements of the A/" = 2 superconformal tensor cal- 
culus in five dimensions, that will be useful in the construction of the new higher-derivative 
supergravity invariant. More specifically, we will review the relevant Weyl multiplet contain- 
ing the various gauge fields of the superconformal symmetries and the Yang-Mills multiplet. 
Most of the results presented in this and the next section can be found in [10, 11]. 

2.1 The Dilaton Weyl Multiplet 

There exist two Weyl multiplets in five dimensions, known as the Standard Weyl multiplet 
and the Dilaton Weyl multiplet. They were constructed in [10] and contain the same number 
of gauge fields but differ in their matter field content. The multiplet that is relevant for 
this paper is the Dilaton Weyl multiplet. It consists of the vielbein e^", the gravitino ■?/'*, 

the dilation gauge field h^ and the SU(2) gauge field V^^ = V^i'' . These gauge fields are 
supplemented with matter fields to form a multiplet consisting of 32 bosonic and 32 fermionic 
off-shell degrees of freedom. For the Dilaton Weyl multiplet, these matter fields are given 
by a vector C^, an anti-symmetric tensor B^^, a dilaton field a and a fermion field ■?/'*. The 
Q- and S'-supersymmetry transformations (with parameters e*, r^* respectively) are given by 

5V;^ = -I i e(>^) + 4e(*7^x^'^ + i e^'l ■ T^'^ + | i vH'^ , 
SCf, = -i i aetp^ + |e7^^ , 
6B^i, = |(T^e7[^^^] + I i (Tl'^^ui^ + C[f,6{e)Cu\ , 

5i)' = -^7 ■ Ge' - \ i $ae' + a^-Te' -\i a-hji/j'ij^ + aif , 
5(j = ^ieip , 



Sbf, = 2 i e0/. - 2e7^x + 2 i ^V^M • (2-1) 

The 'soft' algebra that the Dilaton Weyl multiplet reahzes is given in [10]. Several definitions, 
some of which will be needed later, are as follows. Firstly, 

Df,a = d^cr - 6^0- - I i ^^^ , 

D,^' = {d, - lb, + icD/S,5)^^ - V/^^, + i^ . G^; + i i ^a^; 

-^7 ■ T^; + i i a- V^.^V^' - ^0; . (2.2) 

Moreover, in the transformation rules we have used the composite fields 

Tab = l(r-^ ( (rdab + leabcdeH"^^ + i i ^labi^ j , 



gx^ ^^ '16"" -^>^r 32 

J_ 
32 



+ ia-S -T^p' + ^i a-%ij'tlj^ . (2.3) 



In fact. Tab, X ^-iid a scalar field D, which does not arise here, constitute the matter fields 
of the so-called Standard Weyl multiplet [10], and the above expressions are needed to pass 
from this to the Dilaton Weyl multiplet. The expressions for the dependent spin connection 
Ufj,"'^ and the S-supersymmetry gauge field 0* are given by 

Qf = 2e'^[«9[^e J - e^^'^e'^^e.^d.e: + 2e^ H'^ + |^[^^Vm + Iri,^', 

0; = l^rKaiQ)-T,^^,r''KtiQ)- (2.4) 

We have the field strengths for C^, B^y and V^-' defined as 

G^,y = 2(9[^C^] + iia^[^V^^] - V^[^7j.]^ , (2.5) 

Hf,up = 3(9[^5^p] + fC^^G^p] - |o-^^[^7^V'p] - |'i(^i'[^^lup]i^ , (2.6) 
R,,'^{V) = 2dy,V,^^ - 2%'=(V,],^-) - 320f;^^} - S^I^Imx'^ - t^ll ■ T^!]^ , (2.7) 
and the gravitino curvature as 

R,,'{Q) = i?;,^(g)-2i7[^0t], (2.8) 

R'^,\Q) = 29[pC] + ia5[/VC] + b[,^Pl^ - 2^^-^^,], + 217. T^^^^u] ■ (2.9) 

Note that H^i^p is invariant under the bosonic gauge transformations 

6C^ = dA , 6B^, = 29[^A,] - iAG^, , (2.10) 
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where G^j^ = 2d[^Cu]. Finally, for future reference we give the transformation rules 

-le^i%^\Q) - i67^^"'(g) - 4e^["6Ylx , (2.11) 

(5i:fafec = -j(^'^n[aRbc] (Q) + I i e7[„6/^c]V^ + I i e7[afe] V^^cjo" 

-|o-e7[a7 • Tjbc]iJ - |e7[aG6c]V^ - \(yf]-iabci' , (2.12) 

5Gafe = -| i aeRabiQ) - e7[aA]V^ + i e7[a7 • ^76]^ + i V'lab'4' ■ (2.13) 

This concludes our short review of the Dilaton Weyl multiplet. 

2.2 The Yang-Mills Multiplet 

The off-shell non-abelian D = 5, JV = 2 vector multiplet consists of 8n + 8n bosonic and 
fermionic degrees of freedom (where n denotes the dimension of the gauge group). Denoting 
the Yang-Mills index by J (/ = 1, • • • ,n), the bosonic field content consists of vector fields 
Ajj^, scalar fields p^ and auxiliary fields Y^^^ = y^*-?)-^, that are SU(2)-triplets. The fermion 
fields are given by SU(2)-doublets A*"^. 

The Q- and S'-transformations of the vector multiplet, in the background of the Dilaton 
Weyl multiplet, are given by [11] 

54 = -|ip^#^ + ie7^A^ 

SX'^ = - 17 . F^e^ - i i ^p^e* + p^7 . Te' - Y'^ ^e^ + p^r]' , 

V = |ieA^- (2.14) 

We have used here the superconformally covariant derivatives 



1 
2 

D,y' = {d, -lb, + \ cD/S,,)A^^ - \/;^AJ + gfjK'A'^y'' 
1 
4 



D,p' = id,-b,)p' + gfjK'Ay--i^P,\', (2.15) 



+-7 ■ fv; + i i ^pV; + Y'''^,j - p'l ■ T^; - pV; , (2.16) 



and the supercovariant Yang-Mills curvature 

F^, = 2d^,Ai^ + gfjK'A'lA^ - ^[^7.]^' + ^ip'i^i,i^u] ■ (2.17) 



J aJ aK J.. ^. ,\I , 1 : J„ 



3 Change of Basis 

In what follows, it turns out to be convenient to change to a basis, denoted by tilded fields, 
in which all fields are dilatation and S'-supersymmetry invariant. In terms of the original 
fields the tilded fields are given by 



~^l 


= 


<, 


^l 


= 


aVV;+i^-^/^7.^' 


y^ 


= 


v;^-_|ia-i^(Y^-)^ 


B^y 


= 


^flU ) 


c. 


= 


^M ' 


t 


= 


a'/'e . 



(3.1) 

Dropping the tildes for convenience in notation, we find that the supersymmetry transfor- 
mation rules in the new basis are given by 

6^; = Z}^(a;_y-iiG^,7V, 

5B^, = \-eii^ipu] + C^A^)C,^ , (3.2) 
where we have used the torsionful spin connection 

Q,t = cD/^±^/', (3.3) 

Qf = 2e'^["9[^e^;i - e^^'^e'^'^e^^e; + i^l'^T^V/. + 1^1,^^' (3.4) 
and the supercovariant curvatures 

VVi. = 2D[f,(Q-)'^|Ju]+h^Gx[^,i^u] , (3.5) 

G^i. = '2d[^C^] + lii'[^^,,] , (3.6) 

Hf^iyp = 3d[^B,yp] — -gi'i^jnui'p] + 2^[^lGl,p] . (3.7) 
For the purposes of the next section we also define the supercovariant curvature 

+ i^('7 • Hi^i^ + i#i^7 ■ Gi,l^ ■ (3.8) 
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The redefinitions (3.1) are in fact equivalent to fixing the dilatation, special conformal 
transformations and S'-supersymmetry by imposing the gauge conditions 

a = 1 , b^ = , # = . (3.9) 

The first of these conditions fixes the dilatation symmetry, the second fixes the special 
conformal transformations, while the last condition fixes the 5'-supersymmetries. We stress 
that the gauge fixing performed here is merely a way to describe a field redefinition and will 
not be used to obtain an off-shell Poincare supergravity theory. In fact, for that purpose a 
new compensating multiplet, which has been taken to be a linear multiplet in [11], is needed. 
In order for the condition ■?/'* = to be invariant under supersymmetry, one has to modify 
the supersymmetry rules by adding a compensating S'-supersymmetry transformations with 
parameter 

rj'=(--fT+]-fG]e'. (3.10) 



The second gauge condition in (3.9), in turn, leads to the compensating conformal boost 
transformations with parameter 

Ai^^ = --ie0^- -i#/. + e7MX , (3-11) 

with f] as given in (3.10). 

Similarly, we change basis for the Yang-Mills multiplet by defining the dilatation and 
S'-supersymmetry invariant tilded fields as 

A^ - A^ 

p^ = a~^p^ . (3.12) 

Again, dropping the tildes for convenience in notation, we find the supersymmetry transfor- 
mation rules 





K 


= 


-iip^e^^ + |e7^A^ , 






^Y^ji 


= 


-\-e^'$V^' 


- ^e(^7 ■ H\^^' - 


- Wfm'p'X^^'' 




6\'^ 


= 


-\{l-F^ 


-p'l-G)^-\ 


i^pV-r^^'^e, , 




6p^ 


= 


iieA^ 






where F/^^ 


and D^p^ are 


as defined in 


(2.17) and (2.15), respectively, and 



(3.13) 



D,X' = {d, + \u,'''^ai>)y'-V;^\\ + gfjK'AiX'' 



+ 1 (^^ . P-p'^ ■ G) ^; + ii V^; + F^^Vm. • (3.14) 

With these results at hand, we are ready to make a connection between the Dilaton Weyl 
multiplet and Yang-Mills multiplet transformation rules. 

4 The Weyl multiplet as a Yang- Mills Multiplet 

In this section, we will show that the following multiplet of fields 

U,t, -i^:,, -Va,'', Gab) , (4.1) 



defined in (3.3), (3.5), (3.8) and (3.6), respectively, transforms as a Yang-Mills multiplet 

(4, A^^ Y^^', p^), (4.2) 

where the antisymmetric index pair ab plays the role of the Yang-Mills index /, for Yang- 
Mills group SO (4, 1). In the above the definition of the gravitino curvature that follows from 
(3.5) is given by 

Ipab = '2D[a{u), CD_)V'6] + h^GdaA] , (4-3) 

where it is important to note that in Da{u),u)-)ipb, the connection Q rotates the Lorentz 
vector index, while the connection u)_ rotates the Lorentz spinor index. 

Next, we calculate the transformation rules of cD^^'' and Gab- In the new basis, we find 

<5cD/^ = -ie7[>/] - iej.r' - W^,H^, - \ i #^G,, , 

5Hf,ab = -^e-f[aiJb]fi - J(^li^i^ab + ^^''ijf.Hcab , (4.4) 

SGab = -^ie^pab ■ (4.5) 

From the first two equations it readily follows that 

6Q,t = -i i G^'-e^, - \e^,r' ■ (4.6) 

Comparing these results with the transformation rules of the Yang-Mills multiplet, one sees 
that they indeed agree upon making the identification 

D^f ^ A[, ^'""^ ^ -y^ , G"'' ^ / . (4.7) 

Next, we compute the transformation rule for ■?/'^^. We find 

S^lb = iRabcdioo-h'^'e' - Vab'^e, - i D^aiuj, cd.)G,^,Ye' + iG.aGbdl^'e' , (4.8) 

where Rabcd{^~) denotes the super-covariant curvature of the torsionful connection a}_, and 
in Da{oo.,od)Gbc it is important to note that the connection cD rotates the Lorentz vector 



index b, while the connection a}_ rotates the index c. This follows from (4.3). Next, using 
the Bianchi identity for H 

D[a{uj)Hhcd] = -^GlabGcd] , (4.9) 

one finds that 

Rahcdiy>-) = Rcdabi^+) — {GabGcd + '^Ga[cGd]bj ■ (4-10) 

If one furthermore uses the Bianchi identity D[a{^)Gcd] = 0, one finds the final result 

Si^lb = ll'^Rcdabi^+y - Vab^'e, + \iYD,{u+)Gabe' - {G^bl " Gt' , (4.11) 

where in Df^{u)^)Gab, the connection a}+ rotates both of the indices a and b. Upon using the 
identifications (4.7), one sees that this transformation rule indeed assumes the form of 6^^ , 
see (3.13), if one makes the extra identification 



V, 



ab 



-h^ 



_y *i I 



(4.12) 



Finally, we calculate the transformation rule of Vab^ in a similar way. We find 

5Vab'' = eh^D^i^, Q.)A]c - |e(*7 • Hi^i'b ' \i^^'l " G^'l , (4-13) 



where in Da{oo, ooJ)ipbc the connection u acts on the index b while the connection uj- acts on 
the index c and the spinor index. Upon using the Bianchi identity 



DyaiuWb^^ = -1^7" 2G,[,V^^], + GdA) , 



(4.14) 
(4.15) 



we then find 

where, in D^{uj,uj-)'tpll the connection uJ rotates the spinor index, while the connection Q 
rotates the Lorentz vector indices. The expression (4.15) can equivalently be written as 



SVab'^iV) 



-l^ii 



^,^+Wl - ^h ■ H^P^b - ^-^^'G'[M , 



(4.16) 



where in Dc{u}, u}+)ipab the connection Q acts on the spinor index, while cD+ acts on both of the 
indices a and b. This result indeed agrees with the corresponding Yang-Mills transformation 
rule, upon using the identifications (4.7) and (4.12). 
Summarizing, we find the correspondence 



/4\ 


yv 


A} 


\ Pi / 



i — > 





\ 


-Vab'' 




-^Ib 




\ Gab 


I 



(4.17) 



This concludes our discussion of the analogy between the Dilaton Weyl multiplet and 
the Yang-Mills multiplet. After constructing the coupling of the Yang-Mills multiplet to the 
Weyl multiplet by means of dimensional reduction from 6D in the next section, we shall 
use the correspondence (4.17) to obtain the Riemann squared invariant in the subsequent 
section. 

5 Yang-Mills Coupled to Weyl in 6D and Dimensional 
Reduction to bD 

In this section we will verify that the 5D local supersymmetry transformations of the Weyl 
multiplet and Yang-Mills multiplet given above follow precisely from a suitable circle reduc- 
tion and truncation of the known counterparts in 6D [4]. Next, we will reduce the action 
in QD that describes the coupling of a Yang-Mills multiplet to the Weyl multiplet [4] down 
to 5D. Using these results, we shall then construct in section 6 the new supersymmetric 
Riemann tensor squared invariant by making use of the analogy between the nonabelian 
vector multiplet and the Dilaton Weyl multiplet, derived in the previous section. 

5.1 The 6D Action for Yang-Mills Coupled to Weyl 

The 6D Weyl multiplet with the superconformal symmetries gauge-fixed, or equivalently 
with suitable field redefinitions amounting to the same thing, consists of the vielbein Em^, 
gravitino \E'5(^, the SU{2) valued vector fields V^ and the 2-form potential Bmn- Their 
supersymmetry transformations are given by [2] 

6^ A = VA{^)e + \UA''''VBce-{EA^6EM'')-^B , 
SVi = e-^r^^i^ - le'^r^'^^^'J-HBCD - [Ea^'SEm^) V% , 
6Bab = -er[^^B]+2(E[^|^(5EM^)S|B]c, (5.1) 



where 



^\b = 2DyA{^WB] + -ficD[AT''''^'B]+TAB'''^'c . 
HaBC = ^dlA^BC] + 2'^[A^b'^C] — 5T[AB Bc]D , 

Tab = Ea Eb [OmEn — d^Eu ) , (5.2) 



and 



%^^ = 2E^E''^^d,MEm''^ - E^^E^'^'d^MEmc + k^cT^'''^''^ + i^^r^^ 



2'^A^J ■ 
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DA{n)e, = 9a£^ + ifi^^^rBc^* + iV^e, . (5.3) 



Turning to the 6D Yang-Mills multiplet, it consists of a vector Wm, a spinor Q"^ and a 
triplet of auxiliary fields 3^jj. The superconformal gauge fixed Yang-Mills supermultiplet 
transformations take the form [2] 

SWa = -eTA^ - [Ea^SEm'') Wb , 

5^' = \V^^FABe'-\y'e,, 

^yj = -e^T^VA^^'^ - j^e^T^^'^n^^nABC , (5.4) 

where Wa = W^Tj, and similarly for the other members of the Yang-Mills multiplet, where 
Tj are the generators of the Yang-Mills gauge group, and 

Tab = 2d[AWB]+g[WA,WB] + 2^[ATB]^ + TAB^Wc , (5.5) 

Va^' = dAn' + \(iA''''rBc^' + '^ViQ,-g[WA,n'] 

-|r^%c^^;, + iy^vl/^, . (5.6) 

Finally, the locally supersymmetric Lagrangian in 6D that describes the couplings of the 
superconformal gauge fixed Yang-Mills multiplet and Weyl multiplet is given by [4] 

E-'c, = -inBH"" -'^^^^DAn + yiy^ -^^s^^^^^^Bab^dHf 

+\ {^B + ^ab) n^r^r-^^M/c + ^Habc^'T^^''^' , (5.7) 

where F^j, is the ordinary Yang-Mills field strength and 

Va^' = Ba^' + InA^^'^TBc^' + \Vin, - g[WA, n'] . (5.8) 

5.2 Dimensional Reduction to 5D 

We begin by making the ansatz^ 

Em"" = i ""{ "^^ ) . E,^ -( ^""^ '"'-'^^ 



1 y ' " \ Q 1 

Ba, = -2eferrB^, , B^^ = -e/C^ , V^ = -2eJ^V;^ , V^^' = , 
*a = e/^;. , ^5 = 0, £ = e , 

Wa = ea'^A^ , W, = p, y = -Y'^ , n = -^X. (5.9) 

We also let 

Ta = ilal^ , e = 2675 , e"''^"^' = s^''''' . (5.10) 



^Due the sign in the relation between Bab and Bab, the torsionful spin connection u;_ in [1] corresponds 
to UJ+ here. 
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The second expression in (5.10) applies to all Dirac conjugated spinors. Note also that we 
have identified the Kaluza-Klein vector originating from the 6D metric with Ba5, and we 
have set to zero V5"' and "^5. This amounts to a consistent truncation of a single off-shell 
vector multiplet in 5D. 

It is now a straightforward exercise to show that the above ansatz yields precisely the 
local supersymmetry transformations (3.2) and (3.13). In doing so, and in reducing the 
Lagrangian (5.7) to 5D, it is useful to note the relations 

J^ab = Fab — pGab 5 J^a5 = DaP , 

'Habc = —'^Habc , T^ahb = —Gab 5 

O ab r^ c6 O afe 1 P^o-b Ct b5 1 Pi b /'c;11^ 

where F^j^,Gfj,u,Hfj_iyp and cD^'' are defined in (2.17), (3.6), (3.7) and (3.4), respectively. 
It is also useful to record the results 

Dan = -lDaico)\ + llGabl''\, 

D,Q = -^Gab^'X. (5.12) 

Armed with these results, it is straightforward to reduce the Lagrangian (5.7) to 5D. The 
result is as follows: 

e-'C, = -I (Fi - p'G,,) {F^^' - p'G^'^) - \D,p'D^p' - fX'lpX' + Y^^^^' 
+±e^'^p^>^ [Fl^ - p'G,,) [ (F/, - p^G,.)C, + W,^D^p'] 

-\ {F^u - P'G,. - l^.iA') X'Yr''^p 

-^i/^.pAV'^^A^ - I^G^.AV'^A^ . (5.13) 

This Lagrangian will be our starting point for constructing the supersymmetric Riemann 
tensor squared action in the next section. 

6 The Riemann Squared Invariant 

To obtain the Riemann squared invariant, we make the substitutions (4.17) in the Lagrangian 
(5.13). Thus we find the main result of this paper given by 

e-i£(i?2) = -l[Rp,abi^^)-Gp,Gab][R'''"'\uj^)-G^''G''' 

-\D^{uj+)G^'>D^{uj+)Gab + %u''V^\, - \r'H^. ^+)^ab 
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-l^uYrr'^.i^ab + l^pY'Yr'^f.iui^ab . (e.i) 

The action of this Lagrangian is invariant under the off-shell Af = 2,D = 5 supersymmetry 
transformations given in (3.2). The use of the Lorentz vector indices is motivated by the 
substitution rule (4.17). As a consequence, in D^{uJ^)Gab the spin connection a}+ rotates the 
indices a and 6, while in Dp_{oj,u:^)il)ab the connection Q rotates the spinor index, and the 
connection cD+ rotates the indices a and h. 

The purely bosonic part of the Lagrangian takes the form 

e~ C{R )bosonic = —4 [RiJiuab{^+) — G^yGab] [R^^"" {oj+) — G^^ G"" J 

-\D,{uj+)G'^'D^^{uj+)Gab + V^,'^V^\, 

+ 16^'"^'"^ {Rpuab{^+) — G^yGab) \Rpcr"' {^+) — G p^G^ ) Cx 

^i^M-p^A ( /^^^^^(^^) _ G,,Gab) (/^a(c^+)G'"^) Bp„ . (6.2) 

It is possible to extend the above result by adding the Hilbert-Einstein term, as well as the 
Weyl squared invariant of [5]. To do so, one first performs the inverse of the field redefinitions 
(3.1) making the fields a and ip^ explicit. Next, the Weyl squared invariant of [5], prior to any 
conformal symmetry gauge fixing, can be added to our action. The Standard Weyl multiplet 
used in that action can be converted to the Dilaton Weyl multiplet by using the map that 
exists between these two multiplets, see eqs. (2.3) and (2.3). Finally, a superconformal 
version of the Einstein action, using the linear multiplet as a compensating multiplet, can 
be added to these two actions. A conformal gauge-fixing at the very end then leads to 
the desired result. Alternatively, instead of giving the Einstein actoin a superconformal 
treatment, one can also reduce the off-shell Poincare supergravity constructed in [4, 12] to 
5D in a manner described in this work. 

We note that in the off-shell Poincare supergravity theory the vector fields V^"^^ are 
auxiliary. However, with the addition of our Riemann squared invariant, these fields acquire 
kinetic terms and become dynamical. Such dynamical auxiliary fields should be treated with 
care in a string theory approximation. ^ 



^We thank Bernard dc Wit for a clarifying discussion on this point. 
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7 Conclusions 

In this note we have constructed a new D = 5,J\f = 2 supersymmetric Riemann tensor 
squared action. A noteworthy feature of this action is that it contains the purely gravitational 
Chern-Simons action (1.2). This is in contrast to the higher order invariant constructed in [5] 
whose leading term is the Weyl tensor squared and which contains the mixed Chern-Simons 
term (1.1). The latter invariant plays an important role in higher-order considerations in 
black hole entropy calculations and the AdS/CFT correspondence. We expect our newly 
constructed invariant to play a similar role too. In particular, it would be interesting to see 
whether our new action may lead to higher-order corrections to the entropy formula of black 
holes in a similar way as the higher-order invariant of [5] did [17]. In this context, it is of 
interest to note that a similar torsionful Riem^-invariant in three dimensions did not lead to 
any correction of the central charge of the corresponding boundary conformal field theory 
due to a curvature with paralellizing torsion [13]. For general i?^-invariants, however, one 
does expect corrections, see e.g. [18]. 

Our construction was based on the methods developed some time ago in the context 
oi D = 6 dimensions [1-3]. Both in D = 6 and D = 5 dimensions use is made of the 
observation that the underlying Weyl multiplet contains a dilaton scalar field which acts 
as the compensating field for dilatations. For this reason this multiplet was nominated 
the Dilaton Weyl multiplet. It turns out in a special basis where all fields are inert under 
dilatations and S-supersymmetry the Dilaton Weyl multiplet transforms precisely as a Yang- 
Mills multiplet whose action can easily be constructed. This is what makes the construction 
of the D = 5 Riemann tensor squared invariant feasible. 

The maximally symmetric vacuum solutions and the resulting spectrum corresponding 
to the Riem action (6.2) remain to be investigated. The field redefinitions (3.1) make the 
model invariant under the super conformal transformations (2.1), similar to a Brans-Dicke 
type realization of a conformal Einstein action. Therefore, the conformal symmetries may 
be viewed as a "fake" symmetry in a sense. Consequently, whether the formulation of the 
theory in this set up can lead to the possibility of discarding potentially ghostly states in a 
manner proposed in [14], and investigated further in [15,16], remains to be studied. In this 
context, it is of interest to note that in any dimension D the Riemann tensor squared (Riem^) 
can be written as the sum of a Weyl tensor squared (C^) and a fourth-order derivative action 
for a compensating scalar 0, both of which have been considered in [14], as follows [2] 



i^M^^/' = 0''-'C^/'C^/' + (I^-2)0^-2(P^9,0-i)(P^9,0-i) 

+40^-2pA^^^-i)2 _ gp _ l)cf^D~\v'd,(f^-'){d,r'f (7.1) 

Finally, following [19] the compactification of the new R + R^ invariant over S"^ to D = 3 
dimensions is expected to yield, after truncation, a supersymmetric version of topological 
massive gravity. It would be interesting to explicitly perform this reduction. 
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